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$\mathbb{R}^{N}(N\geqq 2)$ $\Omega$ ,
$u=u(x, t)$
$u_{t}=\Delta u$ in $\Omega\cross(0, \infty)$ , (1.1)
$u=1$ on $\partial\Omega\cross(0, \infty)$ , (1.2)
$u=0$ on $\Omega\cross\{0\}$ . (1.3)
,
1.1 ([MS1] Theorem 1.1 [MS3] Theorem 3.1 ) $\Omega$
$\mathbb{R}^{N}(N\geqq 2)$ , $\Omega$ , $\partial\Omega$
$D$ $\mathbb{R}^{N}$ $\overline{D}\subset\Omega$
$\Gamma$ $\partial D$
dist $(\Gamma, \partial\Omega)=$ dist $(\partial D, \partial\Omega)$ , $D$ $\Gamma$
$u$ $(1.1)-(1.3)$ , $\Gamma$ $u$
,
$u(x, t)=a(t)$ $((x,t)\in\Gamma\cross(0, \infty))$ (1.4)
$a:(0, \infty)arrow(0, \infty)$ , $\partial\Omega$ }
2 , $\Omega$
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, $d(x)=$ dist $(x, \partial\Omega)$
, Varadhan [Va]
$-4t$ log $u(x, t)arrow d(x)^{2}$ as $tarrow 0^{+}$ uniformly on each compact subset of $\overline{\Omega}$ . (1.5)
, (1.4) , $R>0$
$d(x)=R$ $(x\in\Gamma)$ (16)
$\Gamma$ ,
1.2 ([MS1] Corollary 2.2) $x_{0}\in\Omega$ , $\nabla u(x_{0}, t)=0(t>0)$
$\int_{\partial B_{r}(x_{0})}(x-x_{0})u(x,t)dS_{x}=0$ $(0<r<d(x_{0}), t>0)$
, $B_{r}(x_{0})$ $x_{0}$ $r$ , $dS_{x}$
$\partial B_{r}(x_{0})$
(1.5), (1.6)
, $x_{0}\in\Gamma$ $\nabla u(x_{0}, to)\neq 0$ $t_{0}>0$
, $u$ $x$ $\Gamma$
, $\partial\Omega$ $S$ , $\Gamma$ $S$
( [MS1] Lemma 3.1 ) , (1.6)
$R=$ dist $(\Gamma, S)$
2 $p,$ $q\in\Gamma$ , $v=v(x,t)$
$v(x,t)=u(x+p,t)-u(x+q,t)$ $(x\in B_{R}(0), t>0)$ (1.7)
, (1.1) (1.4)
$v_{t}=\Delta v$ in $B_{R}(0)\cross(0, \infty)$ and $v(O,t)=0(t>0)$
,
ffiB 1.3 ([MS1] Theorem 2.1) $v(O, t)=0(t>0)$
$\int_{\partial B,(0)}v(x,t)dS_{x}=0$ $(0<r<R, t>0)$
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,$\int_{B_{R}(0)}v(x,t)dx=0$ $(t>0)$
, 86 $_{-}v$ (1.7)
$\int_{B_{R}(p)}u(x,t)dx=\int_{B_{R}(q)}u(x,t)dx$ $(t>0)$
$t^{-\frac{N+1}{4}}$ $tarrow 0^{+}$ [MS2] Theorem 4.2
$c(N) \{\prod_{j=1}^{N-1}(\frac{1}{R}-\kappa_{j}(P))\}^{-\frac{1}{2}}=c(N)\{\prod_{j=1}^{N-1}(\frac{1}{R}-\kappa_{j}(Q))\}^{-\frac{1}{2}}$ .
, $c(N)$ $N$ , $\kappa_{j}(j=1, \ldots, N-1)$ $S$
, $P,$ $Q\in S$
$\overline{B_{R}(p)}\cap S=\{P\}$ , $\overline{B_{R}(q)}\cap S=\{Q\}$
$\prod_{j=1}^{N-1}(\frac{1}{R}-\kappa_{j}(y))=$ $(y\in S)$ (1.8)
Aleksandrov ([Alek]) , $S$
, $\Gamma$ $S$ , $E$ $\partial E=\Gamma\cup S$
, $S$ $x_{0}$ , $E\subset\Omega$ [MS3]
, $N$ $A$ , $w=w(x,t)$
$w(x,t)=u(x_{0}+A(x-x_{0}),t)-u(x,t)$ $((x,t)\in E\cross(0, \infty))$ (1.9)
, $w$
$w_{t}=\Delta w$ in $E\cross(O, \infty)$ and $w=0$ on $(\partial E\cross(O, \infty))\cup(E\cross\{0\})$ .
, $w=0((x,t)\in E\cross(O, \infty))$ , $u$ $x$
, $i\neq i$





$\Omega$ $\mathbb{R}^{N}(N\geqq 2)$ $C^{2}$ , $\partial\Omega$
$\partial\Omega$ $m\in N$ , $S_{j}$ $\partial\Omega(j=1, \ldots, m)$
$\partial\Omega=\bigcup_{j=1}^{m}S_{j}$
$u=u(x, t)$
$u_{t}=\Delta\phi(u)$ in $\Omega\cross(0, \infty)$ , (2.1)
$u=1$ on $\partial\Omega\cross(0, \infty)$ , (2.2)
$u=0$ on $\Omega x\{0\}$ . (2.3)
, $\phi:\mathbb{R}arrow \mathbb{R}$ , $\phi(0)=0$ 2 $0<\delta_{1}\leqq\delta_{2}$
$\delta_{1}\leqq\phi’(s)\leqq\delta_{2}$ $(s\in \mathbb{R})$ (24)
, (2.1) $h$
$0<u(x, t)<1(x\in\Omega, t>0)$ $\Phi$ : $(0, \infty)arrow \mathbb{R}$
$\Phi(s)=\int_{1}^{s}\frac{\phi’(\xi)}{\xi}d\xi$ $(s>0)$ (2.5)
$\phi(s)\equiv s$ , $\Phi(s)\equiv\log s$ ,
$d(x)=$ dist $(x, \partial\Omega)$ , Varadhan
[Va]
2.1 ([MS4])
$-4t\Phi(u(x,t))arrow d(x)^{2}$ as $tarrow 0^{+}$ uniformly on every compact set in $\Omega$ .
2.1 Aleksandrov ([Sir, Ser]) ,
1.1 ,
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22 $([MS4])$ $u$ $(2.1)-(2.3)$ $D$ $\mathbb{R}^{N}$ $C^{2}$
, $\overline{D}\subset\Omega$ , $\Omega$ $D$
$\partial D$ $u$ ,
$u(x,t)=a(t)$ $((x,t)\in\partial D\cross(O, \infty))$ (2.6)
$a:(0, \infty)arrow(0, \infty)$ , $\partial\Omega$
2.3 $\Omega$ (2.6)
$\partial D$ $\Gamma$ , $a_{\Gamma}$ : $(0, \infty)arrow(0, \infty)$ ,
$u(x,t)=a_{\Gamma}(t)$ $((x,t)\in\Gamma\cross(0, \infty))$ (2.7)
2.4 22 $\Omega$ , 1.1 $\Omega$
, Aleksandrov , 2.2
$\Omega$ $u$ , 1.1 $\partial\Omega$
([Sir, Ser] [Alek] )
2.5 $\Omega$ $\mathbb{R}^{N}$ Cauchy
([MS4] )
22 2.1 $\partial\Omega$ $\partial D$ , Alek-
sandrov ([Sir, Ser] ) $(2.1)-(2.3)$
, 2.1 ( $[CrIL]$ )
[FW] [EI] , $\epsilon>0$ ,
$v^{\epsilon}(x,t)=-\epsilon\Phi(u(x,\epsilon t))$ $(x\in\Omega,t>0)$ (2.8)
$v^{\epsilon}$
$v_{t}^{\epsilon}=\epsilon\phi’\Delta v^{\epsilon}-|\nabla v^{\epsilon}|^{2}$ in $\Omega\cross(0, \infty)$ , (2.9)
$v^{\epsilon}=0$ on $\partial\Omega\cross(0, \infty)$ , (2.10)
$v^{\epsilon}=+\infty$ on $\Omega\cross\{0\}$ . (2.11)
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, $\phi’=\phi’(\Phi^{-1}(-\epsilon^{-1}v^{\epsilon}))$ $h>0$ , $u(x, t+h)$ $u(x, t)$
$u_{t}>0$ and $\Delta\phi(u)>0$ in $\Omega\cross(0, \infty)$ . (2.12)
$w=\phi(u)$ $w_{t}=\phi’(u)\Delta w$ , (2.4) (2.12)
$\delta_{1}\Delta w\leq w_{t}\leq\delta_{2}\Delta w$ in $\Omega\cross(0, \infty)$ . (2.13)
, % $(j=1,2)$
$(w_{j})_{t}=\delta_{j}\Delta(w_{j})$ in $\Omega\cross(0, \infty)$ , (2.14)
$w_{j}=\phi(1)$ on $\partial\Omega\cross(0, \infty)$ , (2.15)
$w_{j}=0$ on $\Omega\cross\{0\}$ . (2.16)
, (2.13) ,
2.6 $w_{1}\leq w\leq w_{2}$ in $\Omega\cross(0, \infty)$ .
,
$\delta_{1}s\leq\phi(s)\leq\delta_{2}s$ for $s\geq 0$ , (2.17)
$-\delta_{1}$ log $s\leq-\Phi(s)\leq-\delta_{2}$ log $s$ for $0<s\leq 1$ , (2.18)
$e^{l}\tau_{1}\leq\Phi^{-1}(s)\leq e\star_{2}$ for $-\infty<s\leq 0$ . (2.19)
$w_{j}^{\epsilon}=w_{j}^{\epsilon}(x, t),$ $(j=1,2)$
$w_{j}^{\epsilon}(x,t)=w_{j}(x,\epsilon t)$ .
(2.17) (2.18) , 26
$- \epsilon\delta_{1}\log(\frac{w_{2}^{e}}{\delta_{1}})\leq v^{\epsilon}\leq-\epsilon\delta_{2}$ log $( \frac{w_{1}^{\epsilon}}{\delta_{2}})$ in $\Omega\cross(0, \infty)$ . (2.20)
Varadhan [Va] , $\epsilonarrow 0^{+}$ , $-\epsilon\delta_{j}\log w_{j}^{\epsilon}$ $\frac{1}{4t}d(x)^{2}$ $\overline{\Omega}\cross(0, \infty)$
compact ,
2.7
$\frac{\delta_{1}}{\delta_{2}}\cdot\frac{1}{4t}d(x)^{2}\leq\lim_{earrow 0}\inf_{+}v^{\epsilon}(x,t)\leq\lim_{earrow}\sup_{0+}v^{\epsilon}(x,t)\leq\frac{\delta_{2}}{\delta_{1}}\cdot\frac{1}{4t}d(x)^{2}$ in $\Omega x(0, \infty)$ .
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2.8 $\Omega\cross(0, \infty)$ comPact $K$ , $e_{0}>0,0<c_{1}\leq c_{2}<$
$+\infty$ 3 $\epsilon_{0}=\epsilon_{0}(K),$ $c_{1}=c_{1}(K)$ $c_{2}=c_{2}(K)$ ,
$0<\epsilon\leq\epsilon_{0}$
$0<c_{1}\leq v^{\epsilon}\leq c_{2}$ in $K$.
[LSV] [Gild] , $\Omega\cross(0, \infty)$
$K$ , $\epsilon>0$ , $\{v^{\epsilon}\}$ $K$
([MS4] ) , $\lim\epsilon_{n}=0$
$\{\epsilon_{n}\}$ $\Omega\cross(0, \infty)$ $v=v(x, t)$ ,
$\{v^{\epsilon_{n}}\}$ $\Omega\cross(0, \infty)$ $v$ , 27
$\frac{\delta_{1}}{\delta_{2}}\cdot\frac{1}{4t}d(x)^{2}\leq v(x, t)\leq\frac{\delta_{2}}{\delta_{1}}\cdot\frac{1}{4t}d(x)^{2}$ in $\Omega\cross(0, \infty)$ . (2.21)
(2.21) $\partial\Omega$ $d(x)^{2}=\nabla(d(x)^{2})=0$ , $\mathbb{R}^{N}\cross(0, \infty)$
$V(x,t)$
$V(x,t)=\{\begin{array}{ll}v(x,t) if x\in\Omega,0 if x\not\in\Omega\end{array}$
, $V=V(x, t)$ Cauchy
$V_{t}=-|\nabla V|^{2}$ in $\mathbb{R}^{N}\cross(0, \infty)$ , (2.22)
$V=0$ on $(\mathbb{R}^{N}\backslash \Omega)\cross\{0\}$ , (2.23)
$V=+\infty$ on $\Omega\cross\{0\}$ . (2.24)
Str\"omberg [Str]
$V(x,t)= \frac{(dist(x,\mathbb{R}^{N}\backslash \Omega))^{2}}{4t}$ $((x,t)\in \mathbb{R}^{N}\cross(0, \infty))$
,
$\epsilonarrow 0hmv^{\epsilon}(x,t)=\frac{d(x)^{2}}{4t}$ $((x,t)\in\Omega\cross(0, \infty))$ .
, $t=1$ , $\epsilon=t$ , 2.1
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33.1 Varadhan [Va]
, Aleksandrov ([Sir, Ser] )





$u_{t}=\Delta u$ in $\mathbb{R}^{N}\cross(0, \infty)$ and $u(x, 0)=\chi_{E}(x)$ in $\mathbb{R}^{N}$ (3.1)
, $E$ $\mathbb{R}^{N}(N\geqq 2)$ f $E$ $\chi_{E}$
$\chi_{E}(x)=1$ if $x\in E,$ $\chi_{E}(x)=0$ if $x\not\in E$ ,
$u(x, t)=(4 \pi t)^{-\S}\int_{E}e^{-\text{ }\ell}d\xi$ (3.2)
$E$ , $u$
$\partial E$ $isoparametr\dot{b}C$ hypersurfaces , ,
, , $u$
, $\mathbb{R}^{3}$
( ght helicoid) $\mathcal{H}$ $\mathcal{H}$ .
$\mathcal{H}=$ { $(x_{1},$ $x_{2},$ $x_{3})\in \mathbb{R}^{\theta}$ : $x_{1}=s$ cos $t,$ $x_{2}=s$ sin $t,$ $x_{3}=at+b,$ $(s,t)\in \mathbb{R}^{2}$ }.
, $a\neq 0,$ $b$ . $\mathcal{H}$ $\mathbb{R}^{3}$ 2 , $E$
, $\mathcal{H}$ .
$u= \frac{1}{2}$ on $\mathcal{H}\cross(0, +\infty)$ .
$\mathbb{R}^{N}$ [MPS]
3.3
, oparametric hypersurfaces ([LC,
Seg]) , [Sal]
, ,
, $u=0$ on $\Omega\cross\{0\}$
52
References
[Alek] A.D. Aleksandrov, Uniqueness theorems for surfaces in the large V, Vestnik
Leningrad Univ. 13, no. 19 (1958), 5-8. (English translation: Amer. Math. Soc.
Tiranslations, Ser. 2, 21 (1962), 412-415.)
$[CrIL]$ M. G. Crandall, H. Ishii, and P.-L. Lions, User’s guide to viscosity solutions of
second order partial differential equations, Bull. Amer. Math. Soc. 27 (1992),
1-67.
[EI] L. C. Evans and H. Ishii, A PDE approach to some asymptotic problems con-
cerning random differential equations with small noise intensities, Ann. Inst.
Henri Poincar\’e 2 (1985), 1-20.
[FW] M. I. IFhreidlin and A. D. Wentzell, Random Perturbations of Dynamical Systems,
Springer-Verlag, New York 1984.
[Gild] B. H. Gilding, H\"older continuity of solutions of parabolic equations, J. London
Math. Soc. 13 (1976), 103-106.
[LC] T. Levi-Civita, Famiglie di superficie isoparametriche nell’ ordinario spazio eu-
clideo, Atti Accad. naz. Lincei. Rend. Cl. Sci. Fis. Mat. Natur. 26 (1937), 355-
362.
[LSV] P. L. Lions, P. E. Souganidis, and J. L. V\’azquez, The relation between the
porous medium and the eikonal equations in several space dimensions, Rev.
Mat. Iberoamericana 3 (1987), 275-310.
[MPS] R. Magnanini, J. Prajapat, and S. Sakaguchi, Stationary isothermic surfaces
and uniformly dense domains, $b\bm{t}S$ . Amer. Math. Soc. 358 (2006), 4821-4841.
[MS1] R. Magnanini and S. Sakaguchi, Matzoh ball soup: Heat conductors with a
stationary isothermic surface, Ann. of Math. 156 (2002), 931-946.
[MS2] R. Magnanini and S. Sakaguchi, Interaction between degenerate diffusion and
shape of domain, Proceedings Royal Soc. Edinburgh, Section A 137 (2007),
373-388.
53
[MS3] R. Magnanini and S. Sakaguchi, Stationary isothermic surfaces for unbounded
domains, Indiana Univ. Math. J., to appear.
[MS4] R. Magnanini and S. Sakaguchi, Nonlinear diffusion with a bounded stationary
level surface, preprint.
[Sal] S. Sakaguchi, When are the spatial level surfaces of solutions of diffusion equ&
tions invariant with respect to the time variable?, J. Analyse Math. 78 (1999),
219-243.
[Sa2] S. Sakaguchi, Stationary critical points of the heat flow in spaces of constant
curvature, J. London Math. Soc. 63 (2001), 400-412.
[Seg] B. Segre, Famiglie di ipersuperficie isoparametriche negli spazi euclidei ad un
qualunque numero di dimensioni, Atti Accad. naz. Lincei. Rend. Cl. Sci. Fis.
Mat. Natur. 27 (1938), 203-207.
[Ser] J. Serrin, A symmetry problem in potential theory, Arch. Rational Mech. Anal.
43 (1971), 304-318.
[Sir] B. Sirakov, Symmetry for exterior eUiptic problems and two conjectures in po-
tential theory, Ann. Inst. Henri Poincar\’e, Anal. non lin\’eaire 18 (2001), 135-156.
[Str] T. Str\"omberg, The Hopf-Lax formula gives the unique viscosity solution, Dif-
ferential Integral Equations 15 (2002), 47-52.
[Va] S. R. S. Varadhan, On the behavior of the fundamental solution of the heat
equation with variable coefficients, Comm. Pure Appl. Math. 20 (1967), 431-
455.
54
